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1 Introduction

This paper discusses inference on partially identi�ed models that are speci�ed
in terms of a �nite number of unconditional moment restrictions. By partially
identi�ed models we mean econometric models that are not restrictive enough
to specify a one-to-one map between the parameter space and the probability
distribution of the data. This paper proposes speci�cation tests for such
models. We also discuss how to construct con�dence sets for identi�able
parameters.
The empirical research on oligopoly games has for a long time addressed

the di¢ culties in performing inference on discrete games with multiple equi-
libria.1 In fact, many game theoretic models are not identi�ed because, typi-
cally, there will exist a group of models which are observationally equivalent.
In these models, the lack of identi�cation often comes from the multiplicity
of equilibria but it may also come from the informational structure of the
game which may not be restrictive enough to yield point identi�cation of the
parameters. Tamer (2003) formally discusses identi�cation in a 2�2 discrete
game with complete information and states conditions under which one can
obtain point identi�cation of the parameters of interest.
In this paper, we assume the model belongs to a parametric family P :=�

P(�;
) : (�; 
) 2 �� �
	
. We assume that � � Rp+q but � is potentially

1See Bresnahan and Reiss (1990, 1991), Berry (1992) and Reiss (1996).
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in�nite dimensional. We assume there exists a pair
�
�0; 
0

�
2 � � � which

de�nes the true data generating process P0. The true probability law P0
speci�es a set of moment constraints, which are satis�ed by the true parame-
ters

�
�0; 
0

�
, but can potentially be satis�ed by other points in ��� as well.

For that reason the models are only partially identi�ed. Here we focus on
the particular class of partially identi�ed models that are speci�ed in terms
of a �nite number of equality as well as inequality unconditional moment
restrictions. Many models discussed in the literature can be rewritten using
this framework as we illustrate with the examples of Section 2.
Models with moment inequality constraints arise in many contexts. Tamer

(2003) shows that a 2� 2 discrete game with complete information speci�es
a �nite number of conditional moment inequality constraints. Ciliberto and
Tamer (2004) extend the discussion to the case with many players: they
show how the inequality conditional moment constraints imply a �nite set of
unconditional moment inequality restrictions that can be used for inference.
Andrews, Berry and Jia (2005), henceforth ABJ (2005), and Pakes, Porter,
Ho, and Ishii (2005), henceforth PPHI (2005), discuss how many behavioral
models naturally imply a �nite set of unconditional moment inequality re-
strictions.
The main goal of this paper is to derive con�dence sets for the true pa-

rameter �0 or, in some cases, for a sub-vector of the true parameter �0. We
achieve this goal by utilizing the structure of the model to derive the asymp-
totic distributions of a functionMn (�), the Modi�ed Method of Moments cri-
terion function introduced by Manski and Tamer (2002), evaluated at �xed
points � 2 �. This insight goes back to at least Anderson-Rubin (1949) and
has been recently utilized by Kleibergen (2001) and Moreira (2003) to con-
struct con�dence intervals that are robust to weak instruments in the linear
regression model.2 Kleibergen (2005) and Guggenberger and Smith (2005)
extend the same insight to models speci�ed in terms of a �nite set of equal-
ity moment constraints. Using the same type of insight, PPHI (2005), Rosen
(2005) and Shaikh (2005) construct con�dence intervals for �0 in partially
identi�ed models with inequality moment constraints.
In the literature on partially identi�ed models, the set �0I is typically

de�ned to be the set of points in � that minimize some criterion function
Q (�), i.e., �0I = Argmin�2�Q (�). Manski and Tamer (2002), for instance,
propose to estimate �0I using a sample analogue of the criterion function

2See Andrews and Stock (2005) for a survey on weak intruments and further results.
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Q (�), Qn (�). The models we discuss in this paper fall into this framework
and the methods developed in Manski and Tamer (2002) for estimating �0I
directly apply to the criterion function Mn (�) discussed in Section 3.
Chernozhukov, Hong and Tamer (2005) discuss how to use subsampling

to construct con�dence sets that asymptotically cover the identi�ed set �0I
with probability at least 1 � �, i.e. they show how to use subsampling to
construct fCSn : n � 1g such that

lim inf
n!1

P0
�
�0I � CSn

	
� 1� �.

Shaikh (2005) shows that the problem of constructing con�dence sets with
this property is equivalent to the problem in which one wants to test a fam-
ily of hypotheses indexed by � 2 �, H� : � 2 �0I , controlling the probability
of even one false rejection. The results in Chernozhukov, Hong and Tamer
(2005) and Shaikh (2005) directly apply to the criterion functions discussed
in Section 3. Shaikh (2005) also establishes conditions under which the con-
vergence of his method is uniform in a certain class of probability measures,
which is an issue we address in Section 5.
After describing the general model and discussing some examples in Sec-

tion 2, we proceed as described below:
In Section 3, we introduce a version of the Modi�ed Method of Moments

criterion function and derive some asymptotic results. As is sometimes the
case with some statistics that utilize the structure of the model under a �xed
point � 2 �, the asymptotic distribution will, in general, depend on the
value of �.3 In our case, it will depend on a parameter c0 (�) that identi-
�es the binding inequalities among the set of inequality moment constraints
evaluated at �. The test statistics introduced by PPHI (2005) and Rosen
(2005) also share this feature but their approach to obtaining critical values
di¤er from the approach taken here. Shaikh (2005) also proposes a method
for constructing con�dence sets for the true parameter value �0, but he uses
subsampling for obtaining the critical values. His method can be applied to
the criterion function discussed here.
In section 4, we discuss how to utilize the results in Section 3 to construct

a test of overidentifying restrictions and perform inference on the true value
�0. The di¢ culty of estimating c0 (�) correctly in �nite samples motivated
Rosen (2005) to take a conservative approach towards constructing con�-

3See Moreira (2003) and Kleibergen (2005) for instance.
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dence sets. In section 4, we discuss two methods for estimating c0 (�) and
how they can be utilized for constructing less conservative con�dence sets.
In section 5, we address the issue of uniform consistency in levels for the

con�dence sets constructed in the previous section. Uniform consistency is
an important property for good �nite sample behavior of these con�dence
sets. In Section 6, we investigate further the �nite sample performance of
fCSn : n � 1g, as well as alternative methods available in the literature, us-
ing Monte Carlo simulations.. Section 7 concludes and the Appendix contains
the proofs. We often refer to the Continuous Mapping Theorem such as in
van der Vaart (1998, pg. 7) by CMT and to the Portmanteau Theorem such
as in van der Vaart (1998, pg. 6) by PT. The indicator function is denoted
by 1 f�g. Unless stated otherwise, all probability limits are taken with re-
spect to the true probability law P0 for n!1. We denote "with probability
approaching one as n!1" by w.p.a.1.

2 Model

Let fXi : 1 � ig be a sequence of Rl-valued random vectors drawn from

an unknown joint probability law P(�
0;
0) belonging to a parametric fam-

ily P :=
�
P(�;
) : (�; 
) 2 �� �

	
. We assume that � � Rp+q but 
 is po-

tentially in�nite dimensional. Many quantities introduced below depend on
the true distribution P(�

0;
0), and they carry a superscript "0" to make this
dependence explicit. Hereafter, we denote P(�

0;
0) simply by P0.
Let g be a measurable function g : Rl � � ! Rd+s. Denote g (Xi; �)

by gi (�), and de�ne the sequence of functions
�
ĝn : �! Rd+s : n � 1

	
andn


̂n : �! R(d+s)�(d+s) : n � 1
o
as

ĝn (�) : = n�1
nX
i=1

gi (�) and


̂n (�) : = n�1
nX
i=1

gi (�) gi (�)
0
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and the functions g0 : �! Rd+s and 
0 : �! R(d+s)�(d+s) as

g0 (�) : = lim
n!1

E0n�1
nX
i=1

gi (�) and


0 (�) : = lim
n!1

E0n�1
nX
i=1

gi (�) gi (�)
0 :

We now state a set of high-level assumptions on the model. We assume:

Assumption M: (i) � is convex and compact; (ii) The functions g0 :
� ! Rd+s and 
0 : � ! R(d+s)�(d+s) are continuous and bounded on �;
sup�2� kĝn (�)� g0 (�)k = op (1) and sup�2�





̂n (�)� 
0 (�)


 = op (1), and
for every � 2 �, 
0 (�) is a nonsingular positive de�nite matrix; (iii) For every
point in � 2 �, 	n (�) := n1=2 (ĝn (�)� g0 (�)) !d 	(�) ; where 	(�) is a
(d+ s)-dimensional normal with mean zero and covariance matrix given by
�0 (�) := 
0 (�)�g0 (�) g0 (�)0; (iv) For any sequence f�n : n � 1g converging
to zero we have sup�;��2�:k����k<�n k	n (�)�	n (�

�)k = op (1).

The conditions of Assumption M are general enough to allow P to include
distributions of sequences of Rl-valued random vectors that are iid, inid, and
stationary and ergodic. Also, they may hold when the function g : Rl��!
Rd+s is non-smooth (as in the case of simulation based estimators) and/or
when it depends upon fXi : 1 � ig (as in the form of a preliminary estimator,
which can potentially be in�nite dimensional.)
We consider models speci�ed by a �nite number of moment restrictions

which are not fully identi�ed:

Assumption ID: There exists a nonempty subset �0I � � such that
�0 2 �0I and for every � 2 �0I we have

g0k (�) = 0 for k = 1; :::; d and

g0k (�) � 0 for k = d+ 1; :::; d+ s;

where g0k (�) denotes the k-th coordinate of the Rd+s-vector g0 (�).

On some occasions, we will split the function g : Rl � � ! Rd+s into
two functions g1 : Rl � � ! Rd and g2 : Rl � � ! Rs corresponding to the
�rst d equality constraints and to the s inequality constraints, respectively.
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Assumption ID above may be written as g01 (�) = 0 and g
0
2 (�) � 0, while the

vector ĝn (�) may be split into two subvectors ĝ1n (�) 2 Rd and ĝ2n (�) 2 Rs.
In partially identi�ed models, it is common to specify equality moment

restrictions as two inequalities. We choose not to take that approach because
we require in Assumption M(ii) the matrix 
0 (�) to be positive de�nite,
which would not necessarily be true if there was perfect collinearity between
the elements of fgi (�) : 1 � ig.
The reader will notice that some of the results easily generalize to mod-

els speci�ed only in terms of inequalities (d = 0). In some circumstances,
it is useful to di¤erentiate between equality and inequality restrictions and
Assumption ID is designed to make the distinction explicit.

2.1 Examples

Example 1 - Imbens andManski (2004) Let fXi = (Yi;Wi) : 1 � ig
be a sequence of iid bivariate random vectors with joint distribution F 0 2 F ,
where Yi takes values on a compact convex subset V � R andWi 2 f0; 1g, re-
spectively. The reseacher has a sample of f(Wi; YiWi) : 1 � i � ng, i.e., the
reseacher does not observe the realization of the random variable Yi when
Wi = 0. De�ne the true parameter �0 :=

�
�01; �

0
2

�
where �01 = E0 [Yi] and

�02 := E
0 [YijWi = 0]. The distribution F 0 may be seen as being part of the in-

�nite dimensional nuisance parameter 
0. De�ne the function g : R2��! R,

g (Xi; �) := g (Xi; �1; �2) = �1 � YiWi � �2 (1�Wi)

where � := V � V is a compact and convex subset of R2.

[Start of Incomplete Part]

Under certain regularity conditions this satis�es M ... show this later ....
for

g0 (�) = �1 � E0 [YiWi]� �2E0 [(1�Wi)] ;

which is such that g0
�
�0
�
= 0, but there are other points in � for which

g0 (�) = 0, and that de�nes �0I .

[End of Incomplete Part]
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Example 2 - Manski and Tamer (2002) Let fXi = (Yi; Zi) : 1 � ig
be a sequence of bounded iid R1+l-valued random vectors with joint distribu-
tion F 0 2 F , where Yi takes values on VY � R and Zi 2 VZ � Rl, respectively.
The reseacher does not observe the realization of the random variable Yi when
it follows below a certain threshold, say Yi � 0, but it does observe the realiza-
tion of Zi. De�ne the true parameter �

0 to be such that E0 [YijZi = z] = z0�0.
The distribution F 0 may be seen as being part of the in�nite dimensional
nuisance parameter 
0. De�ne the function g : R1+l ��! R2,

g (Xi; �) :=

�
g1 (Xi; �)
g2 (Xi; �)

�
:=

�
(Yi � Z 0i�) 1 fYi > 0g
(Z 0i�) 1 fYi � 0g

�
where � is a compact and convex subset of R2 containing �0.

[Start of Incomplete Part]

Under certain regularity conditions this satis�es M ... show this later ....
with

g0 (�) =

�
g01 (�)
g02 (�)

�
=

�
E0 [(Yi � Z 0i�) 1 fYi > 0g]
E0 [(Z 0i�) 1 fYi � 0g]

�
with g01

�
�0
�
= 0 and g02

�
�0
�
� 0.

[End of Incomplete Part]

Example 3 - A Binary Simultaneous Game with Complete In-
formation4 In a binary simultaneous game with N players, each player
j = 1; :::; N decides which action aj 2 f0; 1g to take. Let z 2 Rdz for each
j = 1; :::; N represent a vector of observed exogenous variables. The vector z
may contain variables that describe characteristics of the individual players
as well as variables that are common to all players. Let u be a random RN -
vector of latent variables (not observed by the econometrician) known to the
players (complete information), which is independent from z and has condi-
tional distribution Fu (�). In this example, we assume Fu (�) is symmetric for
simplicity.

4This example is a particular case of the binary simultaneous game with complete
information discussed in Ciliberto and Tamer (2004) and ABJ (2005).
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We assume that player j receives utility �j (aj; a�j; z; u) from taking ac-
tion aj 2 f0; 1g given the other players�vector of actions a�j 2 f0; 1gN�1.
For simplicity, we assume that when agent j� takes action aj� = 1, every-
thing else held constant, agent j�s payo¤ decreases by j�jj, regardless of her
identity j�. We normalize �j (0; a�j; z; u) = 0 for all (z; u) and j = 1; :::; N ,
and assume:

�j (1; a�j; z; u) = �j

 X
j� 6=j

aj�

!
+ z�j + uj

The parameters � := (�; �) are assumed to belong to some compact set
� � RN� � RNdz , i.e., we assume �j � 0 for all j = 1; :::N .
In a Nash Equilibrium in Pure Strategies (NE), the vector of actions

aNE 2 f0; 1gN is such that

�j
�
aNEj ; aNE�j ; z; u

�
� �j

�
1� aNEj ; aNE�j ; z; u

�
for each player j = 1; :::; N . The Nash Equilibrium in Pure Strategies As-
sumption imposes that every observed vector of actions a 2 f0; 1gN in the
data is the outcome of a NE of the underlying game.
Berry (1992) shows that under the assumptions above, for any vector

(z; u), there exists a NE in Pure Strategies that may be constructed by al-
lowing the more pro�table players to choose before the less pro�table ones.
More formally, we may reorder the players�identities j = 1; :::; N according
to the order of

�
z�j + uj : 1 � j � N

	
and set aNEj = 1 for all j such that

�j
�
1; aNE�j ; z; u

�
� 0 and set aNEj = 0 otherwise, where aNE�j is the vector

consisting of ones in its �rst j � 1 coordinates and zeros in all other coordi-
nates. This is a NE in Pure Strategies because no agent j has an incentive
to change the value of aNEj given that the other players are playing aNE�j .
Using a standard revealed preference argument, we can see that we ob-

serve the vector of actions a = (0; :::; 0) if and only if u is such that �j (1; (0; :::; 0) ; z; u) �
0 for all j = 1; :::; N . Similarly, we observe the vector of actions a = (1; :::; 1)
if and only if the vector u is such that �j (1; (1; :::; 1) ; z; u) � 0 for all
j = 1; :::; N . The symmetry of Fu (�) then implies:

E [1 fa = (0; :::; 0)g jZ = z]� Fu (�z�1; :::;�z�N) = 0 and
E [1 fa = (1; :::; 1)g jZ = z]� Fu (�1 (N � 1) + z�1; :::; �N (N � 1) + z�N) = 0:
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Whenever u falls in the region de�ned by the intervals

NY
j=1

�
��j (N � 1)� z�j;�z�j

�
;

the model above fails to yield a full prediction for the vector of actions a 2
f0; 1gN . The incompleteness of the econometric model is in fact a product
of the multiplicity of NE associated with the underlying game.
However, the same revealed preference argument can help us generate

an additional set of inequality restrictions on the parameters of the model.
If we restrict ourselves to the analysis of pure strategy equilibria, the Nash
Equilibrium in Pure Strategies Assumption implies that for any given a�j 2
f0; 1gN�1, player j is not willing to deviate from his/her chosen strategy
aj 2 f0; 1g. Hence, if we observe a vector of actions a 2 f0; 1gN , it must be
the case that �j (aj; a�j; z; u) � 0 for every j = 1; :::; N . This implies that
whenever we see a vector of actions a 2 f0; 1gN , the vector u must be such
that

uj � ��j

 X
j� 6=j

aj�

!
� z�j for every j = 1; ::::; N .

The discussion above suggests that we should observe in the data the vector
a 2 f0; 1gN with a relative frequency that is at least as large as the probability
that the vector u satis�es the inequality above, i.e., it implies the conditional
moment inequality restriction:

E [ajZ = z]� F
 
�1

 X
j� 6=1

aj�

!
+ z�1; :::; �N

 X
j� 6=N

aj�

!
+ z�N

!
� 0:

Hence, in addition to the two equality constraints generated by the actions
(0; :::; 0) and (1; :::; 1), the Nash Equilibrium in Pure Strategies assumption
yields a set of at least 2N�1 � 2 inequalities.
Of course, the restrictions above are not the only set of restrictions implied

by the conditional moment constraints. In fact, since the variables Z are
exogenous, an arbitrary number of equality constraints may be created by
multiplying the conditional moment equality constraints by any deterministic
function of Z. Similarly, one may create an arbitrary number of inequality
constraints by multiplying the conditional moment equality constraints by
any strictly positive deterministic function of Z.
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Suppose we observe a cross-section of n markets, where the same game
is being played in each market i = 1; :::; n. De�ne each Xi := (ai; Zi) for i =
1; :::; n, and let P0 be its unknown probability law generated through the game
structure, where �0 :=

�
�0; �0

�
are the true parameters of the model, i.e., the

parameters of the pro�t function �
�
�; �0

�
. When coupled with an equilibrium

selection rule 
0 2 � that selects among the di¤erent equilibria for a given
draw of Xi, the model is then fully speci�ed by

�
�0; 
0

�
2 � � �. This

imposes some additional structure on the model, i.e., it places a restriction
over the mechanism that selects among the di¤erent possible equilibria in
each market i. It imposes that, conditional on Xi, the equilibrium in each
market is chosen by the same equilibrium selection rule 
0 even if the rule
itself is left unspeci�ed (fully nonparametric). Additionally, as in Bajari,
Hong and Ryan (2005), one may parametrize the equilibrium selection rule
and treat � parametrically.5

De�ne g : RN+dz ��! R2+s as

g1 (Xi; �) : = 1 fai = (0; :::; 0)g � Fu (�Z 0i�1; :::;�Z 0i�N)
g2 (Xi; �) : = 1 fai = (1; :::; 1)g � Fu (�1 (N � 1) + Z 0i�1; :::; �N (N � 1) + Z 0i�N)

gk (Xi; �) : = 1 fai = akg � Fu

 
�1

 X
j� 6=1

akj�

!
+ Z 0i�1; :::; �N

 X
j� 6=N

akj�

!
+ Z 0i�N

!
;

where ak 2 f0; 1gN for 1 � k � 2N � 2 belongs to the set of all possible
outcome vectors a excluding a = (0; :::; 0) and a = (1; :::; 1).
Standard assumptions on the moments of the sequence fZi : 1 � ig can

be imposed in order to guarantee that Assumptions ID and M hold for this
model. Typically, these assumptions are the assumptions necessary to prove
the Uniform Law of Large Numbers and Weak Convergence of Empirical
Processes.6 In some cases, the sequence fZi : 1 � ig may be allowed to have
some degree of distributional heterogeneity as well as some time and/or spa-
tial dependence.
Often, computing the function Fu (�) will involve multidimensional inte-

gration, which may be avoided by simulation such as in McFadden (1989)
and Pakes and Pollard (1989). The use of simulation to compute ĝn (�) is
common in applications of discrete choice decision. For that reason we avoid

5One may parametrize the distribution function Fu (�) as well and treat its parameters
as being part of the nuisance parameter 
 2 �.

6See Andrews (1994).
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assuming di¤erentiability of ĝn (�) by imposing only di¤erentiability in the
limit through Assumption G (below).7

In many cases, the researcher will choose to use a nonparametric estimator
�n (Zi) of the conditional expectation E [aijZi] instead of simply using the
indicator function as suggested above. In this case, the results in Andrews
(1994) may be used to verify Assumptions ID and M. In some cases, such
as in ABJ (2005), the researcher may choose to classify the data into cells�
Ckn : 1 � k � K

	
and use the indicator function 1

�
Xi 2 Ckn

	
instead of the

indicator function 1 fai = akg used in the example above. The reader may
use the arguments found in Pollard (1979) to verify Assumptions ID and M
in the case of data-dependent cells.

3 Asymptotic Results

Inference on models de�ned in terms of inequalities typically depends cru-
cially on which inequalities actually "matter". In our case, the inequalities
that do "matter" are the inequalities in Assumption ID that are binding
when evaluated at the true parameter �0 2 � (k 2 fd+ 1; :::; d+ sg such
that g0k

�
�0
�
= 0:)

We introduce a parameter, which may be called the selection vector :

De�nition 1 The selection vector is a function c0 : �! f0; 1gd+s such that
c0 (�) is a (d+ s)-vector belonging to f0; 1gd+s whose k-th coordinate, c0k (�),
is equal to one if k = 1; :::; d and equal to 1 fg0k (�) � 0g if k = d+1; :::; d+s.

The vector c0 (�) selects the binding constraints among the d+ s moment
constraints imposed in Assumption ID and is generally unknown. For any
selection vector c 2 f0; 1gd+s, whose k-th coordinate is denoted by ck, we
de�ne the number of selected constraints to be jcj =

Pd+s
k=1 ck.

7See McFadden (1989) and Pakes and Pollard (1989) for a discussion of Assumption G
in this case.
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3.1 Continuous UpdatingModi�edMethod of Moments

The Modi�ed Method of Moments criterion function was introduced by Man-
ski and Tamer (2002) for Wn (�) not depending on � 2 �. Hence, the crite-
rion function Mn (�) below is a continuous updating version of the Modi�ed
Method of Moments criterion function introduced by them.
De�ne the map I : Rd+s ! Rd+s; which maps the vector x = (x1; :::; xd+s)0 2

Rd+s into a vector I (x) 2 Rd+s whose elements ik (x) are de�ned as

ik (x) :=

�
xk if k = 1; :::; d
xk1 fxk > 0g if k = d+ 1; :::; d+ s:

Denote the quadratic form x0Ax as kxk2A and de�ne

Mn (�) :=


I �n1=2ĝn (�)�

2Wn(�)

;

where Wn : � ! R(d+s)�(d+s) is speci�ed by the researcher and assumed to
satisfy:

Assumption W: There exists a nonstochastic continuous function W 0 :
�! R(d+s)�(d+s) such that sup�2� kWn (�)�W 0 (�)k = op (1) ; and for every
� 2 �, W 0 (�) is a nonsingular positive de�nite diagonal matrix;

We denote the dot product by �, i.e., for x := (x1; :::; xd+s)
0 and y :=

(y1; :::; yd+s)
0 2 Rd+s, x �y denotes the vector (x1y1; :::; xd+syd+s)0 2 Rd+s. For

any �xed � 2 �, de�ne the random variable ~M (�) as

~M (�) :=


c0 (�) � I (	 (�))

2

W 0(�)
:

Theorem 2 Under Assumptions ID, M(ii)-(iii), and W, for every � 2 �0I
we have Mn (�)!d

~M (�).

Remark: The proof of the theorem is given here. After rewriting
n1=2ĝn (�) as n1=2ĝn (�) = 	n (�) + n1=2g0 (�), the result follows directly from
the assumptions of the theorem and the CMT.
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3.2 Identi�ed Parameters

In this section, we decompose the parameter space � into two subspaces
� := �1 � �2. We assume that the parameter of interest is the subvec-
tor �1 2 �1 � Rp and that �2 2 �2 � Rq is a vector of nuisance para-
meters. This decomposition is not arbitrary. We assume that these nui-
sance parameters are identi�ed for �xed values of �1 and we de�ne �01I :=
f�1 2 �1 : (�1; �2) 2 �0I for some �2 2 �2g as the set of identi�able subvec-
tors �1.

Assumption ID2: For any �1 2 �01I there exists a unique �2 (�1) 2 �2
such that � := (�1; �2 (�1)) 2 �0I .

Assumption ID2 implies that for a �xed �1 2 �01 the sub-vector �2 is
point-identi�ed. In particular, it imposes that there exists a unique �02 :=
�2
�
�01
�
, where

�
�01; �

0
2

�
= �0. In models where there are only inequality

moment restrictions (d = 0) and the function g0 is continuous, Assumption
ID2 is typically not valid. This is so because in general, for any �xed value
�1 2 �01, there will be a sequence f�2j : j � 1g for which g0k (�1; �2j) � 0 for
every k 2 f1; :::; sg. An exception to this rule is the case where three or
more inequalities k 2 f1; :::; sg specify a unique �2 (�1) 2 �2 for every �xed
value �1 2 �01. However, in this case, we may combine these three or more
inequalities to construct an equality moment restriction.

Example 1 - Imbens and Manski (2004) In this example the func-
tion g0 is such that for each �xed value �1 there is a unique �2 such that

g0 (�1; �2) = �1 � E0 [YiWi]� �2E0 [(1�Wi)] = 0;

as long as E0 [(1�Wi)] > 0.

Example 3 - A Binary Simultaneous Game with Complete In-
formation For any value of the vector � := (�1; :::; �N), under the regular-
ity conditions of the Implicit Function Theorem, there is a unique value of
� := (�1; :::; �N) that satis�es the equation:

P0 fai = (0; :::; 0)g � E0 [Fu (�Z 0i�1; :::;�Z 0i�N)] = 0:
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Additionally, under similar regularity conditions, there is a unique value of
the vector � that satis�es the equation:

P0 fai = (1; :::; 1)g � E0 [Fu (�1 (N � 1) + Z 0i�1; :::; �N (N � 1) + Z 0i�N)] = 0

for a given value of the vector � := (�1; :::; �N). Hence, by setting �1 := �
and �2 := �, Assumption ID2 is veri�ed under the the regularity conditions
of the Implicit Function Theorem.

As Example 3 in Section 2.1 illustrates, the use of simulation to com-
pute ĝn (�) is essential to applications of discrete choice decision. For that
reason we avoid assuming di¤erentiability of ĝn (�) by imposing only di¤er-
entiability in the limit through Assumption G(i) (below). Assumption G(i)
is analogous to the assumption of asymptotic di¤erentiability of the sample
moments found in Pakes and Pollard (1989), and the reader is referred to
their paper for a more comprehensive discussion. Assumption G(ii) (below)
is su¢ cient to guarantee the criterion function has a unique minimum. For
any " > 0, let B" (�) denote an open ball around � 2 � � Rp+q and assume:

Assumption G: (i) For any � 2 � there exists a nonrandom (d+ s) �
(p+ q) matrix G0 (�) with full column rank such that g0

�
��
�
= g0 (�) +

G0 (�)
�
�� � �

�
+ o

�

�� � �

� as 

�� � �

 ! 0 for � 2 � \ B" (�) for some
" > 0. (ii) For any � 2 �, the (d+ s) � q-submatrix G02 (�) composed of
the columns of G0 (�) corresponding to the parameters in the subvector �2 is
such that the matrix composed of its �rst d rows has full column rank q and
d � q.

For any �1 2 �01, de�ne the random function ~M (�1; �) on Rq as

~M (�1; t) :=


c0 (�1; �2 (�1)) � I �	(�1; �2 (�1)) +G02 (�1; �2 (�1)) t�

2W 0(�1;�2(�1))

and de�ne a random Rq-vector ~t such that
~M
�
�1; ~t

�
:= inf

t2Rq
~M (�1; t) :

In general, ~t will not be uniquely de�ned, but it is uniquely de�ned under
Assumption G(ii). Given �1 2 �1, Assumption G(ii) makes the function
~M (�1; t) strictly convex in t for every realization of 	(�1; �2 (�1)) and that
guarantees the uniqueness of ~t for every realization of 	(�1; �2 (�1)).
We now state the main result of this section:
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Theorem 3 Under Assumptions ID, ID2, M, W and G, for any �1 2 �01I
and (�1; �2 (�1)) 2 int (�), the sequence of estimators �̂2n (�1) 2 �2 de�ned
as

Mn

�
�1; �̂2n (�1)

�
� inf

�22�2
Mn (�1; �2) + op (1)

is such that
(a) Mn

�
�1; �̂2n (�1)

�
!d inft2Rq ~M (�1; t) and

(b) n1=2
�
�̂2n (�1)� �2 (�1)

�
!d

~t.

Remark: Assumption G(ii) is typically only valid in models with equal-
ity constraints and therefore the result does not extend to the case where the
model is speci�ed only in terms of inequalities (d = 0) in a trivial way.
Remark: We can always arti�cially augment the parameter space by

some extra parameter to cover the case where the identi�ed set is a singleton,
i.e., �0I :=

�
�0
	
.

The matrix G02 (�) can be interpreted as the derivative of g
0 (�) with re-

spect to �2 evaluated at (�1; �2 (�1)). This interpretation suggests an esti-

mator Ĝ2n
�
�1; �̂2n (�1)

�
composed of q columns Ĝj;2n

�
�1; �̂2n (�1)

�
for j =

1; :::; q :

Ĝj;2n

�
�1; �̂2n (�1)

�
:= "�1n

�
ĝn

�
�1; �̂2n (�1) + "nuj

�
� ĝn

�
�1; �̂2n (�1)

��
;

(1)
where "n is a sequence that converges in probability to one and uj is a q-
dimensional unit vector whose j-th coordinate is equal to one and all other
coordinates are equal to zero. This is in fact the estimator proposed by Pakes
and Pollard (1989), which is commonly used to compute standard errors for
estimates of simulation based estimators. Under the conditions of Theorem 3
we have �̂2n (�1)!p �2 (�1), and using Assumptions M(ii) and G(i) together

with the CMT we have Ĝ2n
�
�1; �̂2n (�1)

�
!p G

0
2 (�1; �2 (�1)) for every �xed

�1 2 �01.

4 Inference

In this section, we discuss how to use the asymptotic results derived in the
previous section to perform inference on the true parameter �0 2 �0I (or on
�01 2 �01I in the case where �2 is identi�ed).
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4.1 A Test of Overidentifying Restrictions

We may be interested in testing the null hypothesis H0 : P0 2 P� against
the alternative H1 : P0 =2 P�, where P� :=

�
P(��1;�2;
) : (�2; 
) 2 �2 � �

	
for

some known null value ��1 2 �1. The result in Theorem 3(a) can then be
used to derive a test of overidentifying restrictions. Under the assumptions
of Theorem 3, we have

Mn

�
��1; �̂2n (�

�
1)
�
!d inf

t2Rq
~M (��1; t)

under the null.
Under Assumptions M(ii) andWwe have ĝn

�
��1; �̂2n (�

�
1)
�
= g0

�
��1; �̂2n (�

�
1)
�
+

op (1) andWn

�
��1; �̂2n (�

�
1)
�
= W 0

�
��1; �̂2n (�

�
1)
�
+op (1). The CMT then gives

us

inf
�22�2



I �g0 (��1; �2)�

2W 0(��1;�2)
�




I �g0 ���1; �̂2n (��1)��


2
W 0(��1;�̂2n(��1))

= n�1Mn

�
��1; �̂2n (�

�
1)
�
+ op (1) .

Therefore, under the alternative,

inf
�22�2



I �g0 (��1; �2)�

2W 0(��1;�2)
> 0

by Assumptions ID and W, which imples that Mn

�
��1; �̂2n (�

�
1)
�
!p +1,

under the alternative.
The discussion above suggests that a test H0 : P0 2 P� against the al-

ternative H1 : P0 =2 P� may be constructed if we can �nd a sequence of
critical values f��1n (��1) : n � 1g (depending on ��1) which consistently esti-
mates the (1� �) quantile of the random variable inft2Rq ~M (��1; t). Given
this sequence, we have:

lim inf
n!1

P0
n
Mn

�
��1; �̂2n (�

�
1)
�
� ��1n (��1)

o
� 1� � for P0 2 P�

lim sup
n!1

P0
n
Mn

�
��1; �̂2n (�

�
1)
�
� ��1n (��1)

o
= 0 otherwise.

We address the issue of �nding this sequence f��1n (��1) : n � 1g in Section 4.3
below.
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4.2 Con�dence Sets

We want to �nd a sequence of sets fCSn : n � 1g with CSn � � such that
lim infn!1 P0

�
�0 2 CSn

	
� 1 � �. The basic idea is to exploit the duality

between con�dence sets and hypothesis testing to construct con�dence sets
CSn that have the correct coverage rate asymptotically.8

If for each � 2 � we can �nd a sequence of critical values f��n (�) : n � 1g
(depending on �) such that

lim inf
n!1

P0 fMn (�) � ��n (�)g � 1� � for � 2 �0I and

lim sup
n!1

P0 fMn (�) � ��n (�)g = 0 otherwise,

we can then de�ne the con�dence set CSn := f� 2 � :Mn (�) � ��n (�)g.
Because for any � 2 �, � 2 CSn if and only if Mn (�) � ��n (�), the sequence
of sets fCSn : n � 1g will then be such that

lim inf
n!1

P0 f� 2 CSng � 1� � for � 2 �0I and

lim sup
n!1

P0 f� 2 CSng = 0 otherwise.

In particular, lim infn!1 P0
�
�0 2 CSn

	
� 1� �.

Analogously, if the parameter �02 is identi�ed, as in Assumption ID2,
we may substitute Mn (�) above for inf�22�2Mn (�1; �2) and de�ne CS1n :=
f�1 2 �1 : inf�22�2Mn (�1; �2) � ��1n (�1)g. The sequence of con�dence sets
fCS1n : n � 1g will have the correct coverage rate asymptotically for the pa-
rameter �01 if we can �nd a sequence of critical values f��1n (�1) : n � 1g (de-
pending on �1) such that

lim inf
n!1

P0
�
inf
�22�2

Mn (�1; �2) � ��1n (�1)
�

� 1� � for �1 2 �01I and

lim sup
n!1

P0
�
inf
�22�2

Mn (�1; �2) � ��1n (�1)
�

= 0 otherwise.

In order to construct these con�dence sets CSn or CS1n we need to �nd
sequences of critical value functions f��n (�) : n � 1g and f��1n (�1) : n � 1g
with such characteristics.

8See Theorem 4 in Lehman (1986, Chap. 3).
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4.3 Critical Values

The main di�culty of �nding critical values for Mn (�), with � 2 �0I , lies in
the fact that their asymptotic distributions are not pivotal, they depend on
the parameters c0 (�), �0 (�) andW 0 (�). The same applies to the case where

�2 is identi�ed, but the asymptotic distribution of Mn

�
�1; �̂2n (�1)

�
depends

additionally on the matrix G2 (�).
Under Assumptions M(ii) and W, the matrices �0 (�) and W 0 (�) can be

consistently estimated by �̂n (�) := 
̂n (�)� ĝn (�) ĝn (�)0 and Wn (�) and do
not pose a problem for computing the critical values. As in (1), the same
applies to the matrix G2 (�1) in the case where the parameter �2 is identi�ed.
Hence, provided that we can �nd cn (�)!p c

0 (�), the (1� �)-quantiles of
the distribution of kc0 (�) �	(�)k2W 0(�) may be consistently estimated by sim-
ulating a standard normal randomRd+s-vector Z� many times and computing
the (1� �)-quantiles of the distribution of the random variable




cn (�) � �̂n (�)
1=2 Z�




2
Wn(�)

.

Provided that we can �nd cn
�
�1; �̂2n (�1)

�
!p c

0 (�1; �2 (�1)), the case where

the parameter �2 is identi�ed can be treated analogously because �̂n

�
�1; �̂2n (�1)

�
!p

�0 (�1; �2 (�1)) and Wn

�
�1; �̂2n (�1)

�
!p W

0 (�1; �2 (�1)) under Assumptions

M(ii) and W.
In many applications resampling methods have been used to avoid the

estimation of nuisance parameters when computing critical values for tests
and con�dence sets. However, for the models discussed here the bootstrap
will typically not consistently estimate the asymptotic distribution ofMn (�)
(or inf�22�2Mn (�1; �2) in the case where the parameter �2 is identi�ed). The
incosistency of the bootstrap for estimating the asymptotic distribution of
Mn (�) follows from the lack of regularity in the asymptotic distribution of
Mn (�). Typically, for any u 2 Rp+q such that kuk < 1 the asymptotic
distribution of Mn

�
� + n�1=2u

�
will depend on u. Using Theorem 2.3 in

Beran (1997), we may show that the bootstrap distribution of Mn (�) will
not be a consistent. Bickel, Gotze, and van Zwet (1997, pg. 7) also address
a similar case in their Example 6.
An alternative resampling method for obtainnig critical values for the as-

ymptotic distributions ofMn (�) (or inf�22�2Mn (�1; �2) in the case where the
parameter �2 is identi�ed) is subsampling. Under the conditions discussed
above, the limiting distribution of these test statistics is in fact continuous
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(See Lemma ??). Hence, at least in the iid case, the consistency of subsam-
pling critical values follows from Theorem 2.2.1 in Politis and Romano (1999).
However, this does not hold in general when there are no equality moment
restrictions (d = 0) and g0k (�) < 0 for all k 2 f1; :::; sg. Shaikh (2005) shows
the consistency in levels of tests based on subsampling critical values for
functions similar to Mn (�) when there are no equality moment constraints
(d = 0). The methods developed here should be viewed as an alternative to
subsampling methods such as the one discussed in Shaikh (2005). Andrews
and Guggenberger (2005) also discuss the use of subsampling in this case.
In order to avoid the estimation of the selection vector c0 (�), conserva-

tive procedures have been proposed in the literature. For the case of Mn (�)
for instance, a conservative procedure is proposed by PPHI (2005) for their
test of overidentifying restrictions. Using our notation, their procedure is
equivalent to taking the critical values to be of the (1� �)-quantiles of the
distribution of kI (	 (�))k2W 0(�), which may be consistently estimated by sim-
ulating a standard normal randomRd+s-vector Z� many times and computing
(1� �)-quantiles of the distribution of




I ��̂n (�)
1=2 Z�

�


2
Wn(�)

.

In many applications, conservative procedures for computing the critical
values should work fairly well. In particular, they should work well in the
case where there are few inequality moment restrictions, i.e., the di¤erence
between jc0 (�)j and d + s (or sup�2�0I jc

0 (�)j in some cases) is small. How-
ever, as Example 3 in Section 2.1 illustrates, there are many applications
where these procedures may not generate the desired results. In games with
complete information involving many players, jc0 (�)j may vary signi�cantly
across di¤erent � 2 �0I . Constructing a procedure that e¤ectively tries to
account for that may be desirable in these applications.
Here we introduce two procedures for estimating c0 (�). One of the pro-

cedures is a modi�cation of a moment selection procedure introduced by
Andrews (1999a). The second procedure is based on a method suggested by
Andrews (1999b, sec 6.5). In general, the second procedure will be less com-
putationally intensive than the �rst one. Provided that we can consistently
estimate the selection vector c0 (�), the quantiles of the random variables
~M (�) (or Arg inft2Rq ~M (�1; t) in the case where �2 is identi�ed) may be
consistently estimated by simulation.

19



4.3.1 Modi�ed Moment Selection Criterion

In order to estimate c0 (�), we need to select the binding moment constraints
among all constraints in Assumption ID. This can be viewed as a moment
selection problem, and we now discuss how to select these binding moment
constraints.
Let C be the set of possible selection vectors, which in general (but not

always) will be de�ned as C :=
n
c 2 f0; 1gd+s : ck = 1 for k = 1; :::; d

o
.9 De-

�ne the Modi�ed Moment Selection Criterion (MMSC) function to be

MMSC (�; c) :=


n1=2c � I (�ĝn (�))

2Wn(�)

� h (jcj)�n;

where the function h (�) and the sequence f�n : n � 1g are speci�ed by the
researcher and assumed to satisfy:

Assumption MMSC: (i) h (�) is strictly increasing and (ii) �n !1 as
n!1 and �n = o (n) :

Among the selection vectors belonging to the set C, the MMSC will pe-
nalize the selection vectors with non-binding contraints. On the other hand,
it introduces a "bonus term" h (jcj)�n that rewards the selection vectors that
utilize more moment restrictions. Typical examples of h (jcj)�n used in the
moment selection literature are: jcj log n (BIC), 2 jcj (AIC) and & jcj log log n
for some & > 2 (HQIC).
De�ne the estimated selection vector fĉn : �! C : n � 1g to be

ĉn (�) := Argmin
c2C

MMSC (�; c) :

We now state a consistency result for ĉn (�):

Theorem 4 For any u 2 Rp+q such that kuk < 1 let fun : n � 1g be an
arbitrary sequence of Rp+q-vectors converging to u. Under Assumptions ID,
M, W, G(i), and MMSC, for any �xed � 2 �0I such that � 2 int (�), we have
ĉn
�
� + n�1=2un

�
!p c

0 (�).

9As in Imbens and Manski (2004) and Rosen (2005), the researcher may choose to
exploit the structure of the model to rule out certain selection vectors c 2 C.
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Remark: The assumption of � 2 int (�) is only used to guarantee that
the functions ĝn (�) and Wn (�) are de�ned on

�
� + n�1=2un

�
for n �nite

but su¢ ciently large. Assumption G(i) is only needed to guarantee that
	n
�
� + n�1=2un

�
= Op (1) for any �xed � 2 �0I . At a �xed point � 2 �0I , we

have ĉn (�)!p c
0 (�) under Assumptions ID, M, W and MMSC.

The theorem establishes that ĉn (�) is a consistent estimator of c0 (�).

That also holds true for ĉn
�
�̂n

�
, where �̂n is some n1=2-consistent estimator

of � such as �̂n :=
�
�1; �̂2n (�1)

�
in Theorem 3. However, even in simple

cases, ex-post model selection inference can have very poor performance in
�nite samples.10 Because of its discreteness, c0 (�) will be harder to estimate
correctly when g0 (�) has some coordinates that are close to zero but not
exactly zero. We may avoid the inaccuracy of the asymptotic approximation
due to the estimation of c0 (�) by conservatively selecting more moments.
The fact that MMSC only penalizes the non-binding contraints implies

that ĉn (�) will typically be such that c0 (�) � ĉn (�). This feature of MMSC
implies that ĉn (�) will tend to select more contraints than the constraints
that are actually binding in the limit, generating conservative con�dence
intervals.
De�ne J�n (�; v) to be the distribution function of the random variable


ĉn (�) � �̂n (�)

1=2 Z�



2
Wn(�)

;

where Z� is a multivariate standard normal random Rd+s-vector and de�ne

��n (�) := inf fv 2 R+ : J�n (�; v) � 1� �g .

Analogously, de�ne J�1n (�) to be the distribution function of the random
variable

inf
t2Rq




cn ��1; �̂2n (�1)� � I ��̂1=2
n

�
�1; �̂2n (�1)

�
Z� +G2n

�
�1; �̂2n (�1)

�
t
�


2

Wn(�1;�̂2n(�1))

and de�ne
��1n (�) := inf fv 2 R+ : J�1n (v) � 1� �g .

Note that the distributions of ~M (�) and inft2Rq ~M (�1; t) are continuous
at all points in R+. Hence, under Assumptions M(ii) and W (and G(i) in

10See Leeb and Potscher (2003) for instance.
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the case where �2 is identi�ed), the CMT gives us ��n (�) !p �
�
1 (�) and

��1n (�)!p �
�
11 (�), where �

�
1 (�) and �

�
11 (�) are the (1� �)-quantiles of the

random variables ~M (�) and inft2Rq ~M (�1; t), respectively.11

4.3.2 Selection Based on Wald Tests

A procedure based on Wald tests is discussed in Andrews (1999b, sec 6.5)
and it is also related to issues discussed in Andrews (2000). The procedure is
based on a sequence of one-sided Wald tests for g0k (�) � 0 against g0k (�) < 0
for each k 2 fd+ 1; :::; d+ sg. The estimator ~cn (�) introduced below is
constructed by excluding the constraints k for which g0k (�) � 0 is rejected.
Hence, for n 2 N su¢ ciently large, we will typically select ~cn (�) with more
constraints than implied by the vector c0 (�), generating more conservative
critical values.
Under suitable conditions such as the ones stated in Chow and Teicher

(1978, pg. 343 and 344) for instance, the sequence fgi (�) : 1 � ig will typ-
ically satisy the Law of the Iterated Logarithm. We assume it holds in
Assumption LIL below:

Assumption LIL: Let u 2 Rp+q such that kuk <1 and fun : n � 1g be
an arbitrary sequence of Rp+q-vectors converging to u. For any �xed � 2 �0I
such that � 2 int (�) and j 2 f1; :::; sg, we have:

lim inf
n!1

(2n log log n)�1=2
nX
i=1

gd+j;n
�
Xi; � + n

�1=2un
�

!̂d+j;n (� + n�1=2un)
1=2

= �1 if g0d+j (�) = 0 and

lim
n!1

n1=2ĝd+j;n
�
� + n�1=2un

�
!̂d+j;n (� + n�1=2un)

1=2
= �1 if g0d+j (�) < 0

w.p.a.1, where !̂d+j;n
�
� + n�1=2un

�
is the sample mean of

n
gd+j

�
Xi; � + n

�1=2un
�2
: 1 � i � n

o
.

The assumption of � 2 int (�) is only used to guarantee that the func-
tions ĝn (�) and Wn (�) are de�ned on

�
� + n�1=2un

�
for n �nite but su¢ -

ciently large. We demonstrate how to verify Assumption LIL above with
Example 2 of Section 2.1 for a �xed value � 2 �0I . The extention to the case�
� + n�1=2un

�
is straightforward under a di¤erentiability assumption such as

Assumption G.
11In the case where there are no equality moment constraints (d = 0) but g0k (�) = 0 for

some k 2 f1; :::; sg, the same argument applies as long as � < 1=2.
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Example 2 Let � 2 �0I be such g02 (�) := E0 [(Z 0i�) 1 fYi � 0g] = 0.

lim inf
n!1

(2n log log n)�1=2
nX
i=1

g2 (Xi; �)

!̂2;n (Xi; �)
1=2
=

lim inf
n!1

24 E0
�
(Z 01�)

2 1 fY1 � 0g
�

n�1
Pn

i=1 (Z
0
i�)

2 1 fYi � 0g

!1=2
�

(2n log log n)�1=2
nX
i=1

(Z 0i�) 1 fYi � 0g
E0
�
(Z 01�)

2 1 fY1 � 0g
�1=2

#
=

lim inf
n!1

 
E0
�
(Z 0i�)

2 1 fYi � 0g
�

n�1
Pn

i=1 (Z
0
i�)

2 1 fYi � 0g

!1=2
(�1) = �1

where the second equality holds almost surely by the Law of the Iterated Log-
arithm such as in Chow and Teicher (1978, pg. 343 and 344) since(

(Z 0i�) 1 fYi � 0g
E0
�
(Z 01�)

2 1 fY1 � 0g
�1=2 : 1 � i

)

are independent random variables with mean zero and variance one. The last
equality also holds almost surely by the Strong Law of Large Numbers, such
as in Chow and Teicher (1978, pg. 121), since f(Zi; Yi) : i � 1g are bounded
random vectors.
On the other hand, if � 2 �0I is such that g02 (�) := E0 [(Z 0i�) 1 fYi � 0g] <

0, we may write:

n1=2ĝ2;n (�)

!̂2;n (�)
1=2

=

V 0 [(Z 0i�) 1 fYi � 0g]
1=2

!̂2;n (�)
1=2

n1=2 (ĝ2;n (�)� g02 (�))
V 0 [(Z 0i�) 1 fYi � 0g]

1=2
+
n1=2g02 (�)

!̂2;n (�)
1=2
:

Since f(Zi; Yi) : i � 1g are bounded random vectors, the �rst term on the
right hand side of the expression above is Op (1) by the Strong Law of Large
Numbers such as in Chow and Teicher (1978, pg. 121) and the Lindeberg
Central Limit Theorem such as in Chow and Teicher (1978, pg. 291). Ap-
plying the Strong Law of Large Numbers to !̂2;n (�) once again, the second
term on the right hand side of the expression above diverges to �1 w.p.a.1 :
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De�ne the �rst d coordinates of the vector ~cn (�) to be equal to one and
its last s coordinates to be

~cd+j;n (�) := 1

(
n1=2ĝd+j;n (Xi; �)

!̂2;n (Xi; �)
1=2

> ��jn

)
;

for j 2 f1; :::; sg, where the sequence f�jn : n � 1 and j = 1; :::; sg satis�es
the assumption below:

Assumption �: The sequence of Rs-vectors f�n := (�1n; :::; �sn) : n � 1g
satis�es limn!1 �n = 0(s) and lim infn!1 �jn (2 log log n)

1=2 > 1 for all j 2
f1; :::; sg.

Under Assumptions LIL and � above, for each coordinate j = 1; :::; s, we
have

P0
(
lim inf

n!1

 
n1=2ĝd+j;n

�
� + n�1=2un

�
!̂d+j;n (� + n�1=2un)

1=2
+ �jn

!
> 0

)
=�
1 if g0d+j (�) = 0 and
0 if g0d+j (�) < 0:

Hence, if g0d+j (�) = 0, for n 2 N large enough we have:

P0 f~cd+j;n (�) = 1g = P0
(
n1=2ĝd+j;n

�
� + n�1=2un

�
!̂d+j;n (� + n�1=2un)

1=2
+ �jn > 0

)

� P0
(
lim inf

n!1

 
n1=2ĝd+j;n

�
� + n�1=2un

�
!̂d+j;n (� + n�1=2un)

1=2
+ �jn

!
> 0

)
= 1.

On the other hand, if g0d+j (�) < 0,

P0 f~cd+j;n (�) = 0g = P0
(
n1=2ĝd+j;n

�
� + n�1=2un

�
!̂d+j;n (� + n�1=2un)

1=2
� ��jn

)
! 1.

Since the convergence is joint for all j 2 f1; :::; sg, we have ~cn
�
� + n�1=2un

�
!p

c0 (�) for any � 2 �0I such that � 2 int (�). Valid critical values ~��n (�) and
~��1n (�) can then be constructed using ~cn (�) and ~cn

�
�1; �̂2n (�1)

�
, as in the

previous section.
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4.4 Uniform Consistency in Levels

In the previous sections, we derived con�dence sets fCSn : n � 1g that were
asymptotically consistent in levels for a �xed data generating process P0 2 P.
However, for a �xed value of n 2 N, the con�dence sets fCSn : n � 1g could
have very di¤erent �nite sample coverage rates for di¤erent P(�;
) 2 P. In
fact, in many models we can �nd a P(�;
) 2 P such that P(�;
) f� 2 CSng <
1� � for any value of n 2 N �nite.
In this section, we investigate conditions on the class of models P under

which we can guarantee uniform consistency in levels across di¤erent data
generating processes P(�;
) 2 P. This is an important property for con�dence
sets to have, and it is often considered as being part of the de�nition of
con�dence sets.12 On the other hand, it is a property that is typically hard
to prove in general. For instance, even in the simple case of a sample mean,
Bahadur and Savage (1956) show that this is an impossible task if we do not
impose restrictions over the class of models P. Hence, we need to impose
restrictions on the parametric family P to guarantee uniform consistency in
levels of fCSn : n � 1g. In order to do that, we introduce some notation:
For any arbitrary probability law P(�;
) 2 P de�ne the functions on �:

g(�;
) (��) : = lim
n!1

E(�;
)n�1
nX
i=1

gi (�
�) ,


(�;
) (��) : = lim
n!1

E(�;
)n�1
nX
i=1

gi (�
�) gi (�

�)0 and

�(�;
) (��) : = 
(�;
) (��)� g(�;
) (��) g(�;
) (��)0

for �� 2 �.
Here we decompose the parameter 
 2 � into three components 
 :=

(
1; 
2; 
3) 2 �1��2��3. We rewrite Assumption ID for a generic probability
law P(�;
) 2 P by assuming that there exists a nonempty subset �
I � �
containing the true parameter � such that we have

g
(�;
)
k (�) = 0 for k = 1; :::; d and�

g
(�;
)
k (�)� 
1

�
= 0 for k = d+ 1; :::; d+ s;

where g(�;
)k (�) denotes the k-th coordinate of the Rd+s-vector g(�;
) (�), and
12See van der Vaart (1998, Ch. 14) for instance.
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1 2 �1 := Rs�. We may de�ne 
2 := vec
�

(�;
) (�)

�
2 �2 and 
3 2 �3 to be

some in�nite dimensional parameter.

Assumption P: Let P be the parametric class

P :=
�
P(�;
) : � 2 � and 
 := (
1; 
2; 
3) 2 � := �1 � �2 � �3

	
.

To any arbitrary sequence
��
�n;h; 
n;h

�
2 �� � : n � 1

	
for which�

�n;h; n
1=2
1;n;h; 
2;n;h; 
3;n;h

�
!
�
�h; h1; h2; h3

�
for
�
�h; h1; h2; h3

�
2 cl (�) �

�
Rs� [ f�1g

s	 � cl (�2) � cl (�3) corresponds
a sequence of

n
P(�n;h;
n;h) 2 P : n � 1

o
satisfying the following conditions:

n1=2
�
ĝn (�n;h)�

�
00(d); 


0
1;n;h

�0� ! dN
�
0;�h

�
, (2)

�̂n (�n;h) ! p�
h and (3)

Wn (�n;h) ! pW
h (4)

under P(�n;h;
n;h), where �h;
h and W h are positive de�nite matrices, with
W h being diagonal.

We now state a result about the uniform consistency in levels for fCSn;n � 1g:

Theorem 5 For P satisfying Assumption P we have:

lim inf
n!1

inf
P(�;
)2P:�2�
I

P(�;
) f� 2 CSng � 1� �.

Theorem 5 above provides conditions under which the con�dence sets
fCSn : n � 1g discussed in the previous section have good uniform behavior.
Intuitively, this asymptotic result implies that fCSn : n � 1g should perform
well in large (but �nite) samples across di¤erent P(�;
) 2 P whenever P
satis�es Assumption P above. In the next section, we investigate further the
�nite sample performance of fCSn : n � 1g as well as alternative methods
available in the literature using Monte Carlo simulations.
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5 Monte Carlo

6 Conclusion (Under Construction)

We point out that constructing the sets CSn (or CS1n) may be computa-
tionally intensive, depending on the dimension of � (or �1 for the case
where �2 is identi�ed). The main problem is that the critical value ��n (�)
depends on each point �. This problem is common in certain statistics that
are designed to be robust against failure of identi�cation.13 As described in
Kleibergen (2005), one may construct CSn by selecting a grid of K parame-
ters f�k 2 � : 1 � k � Kg and computing the criterion function and ��n (�)
for the points in this grid.

7 Appendix

Proof of Theorem 3. For notational simplicity, for any �xed �1 2 �01I ,
denote �2 (�1) by �2 and the pair (�1; �2 (�1)) simply by �.
Part (a)
We start by showing consistency of �̂2n (�1). By the de�nition of �̂2n (�1)

we have

Mn

�
�1; �̂2n

�
� inf

��22�2
Mn (�1; �

�
2) + op (1) �Mn (�) + op (1) = Op (1) ,

13See Moreira (2003) and Kleibergen (2005).
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where the last convergence result follows by Theorem 2.
By Assumptions ID, ID2, M(ii) and W we have that for any " > 0 there

exists K" > 0 such that

inf
��22�2:��2 =2N�1



I �g0 (�1; ��2)�

2W 0(�1;�
�
2)
= K";

where N�1 :=
�
��2 2 �2 :



��2 � �2

 < "	. Hence, by Assumption M(ii), for
any ��2 =2 N�1, we have Mn

�
�1; ��2

�
!p +1 and therefore �̂2n (�1) 2 N�1

w.p.a.1, implying that �̂2n (�1)!p �2 (�1).

De�ne t̂n := n1=2
�
�̂2n (�1)� �2 (�1)

�
. Consistency of �̂2n (�1) is equivalent

to tnn�1=2 = op (1). We now show that t̂n = Op (1).
By the de�nition of t̂n, we have

Mn

�
�1; �2 + n

�1=2t̂n
�
� inf

��22�2
Mn (�1; �

�
2) + op (1) �Mn (�1; �2) = Op (1) ,

where the last convergense result follows by Theorem 2.
FromAssumptionW and the result above, all the coordinates k 2 f1; :::; d+ sg

of the vector n1=2I
�
ĝn
�
�1; �2 + n

�1=2t̂n
��
are Op (1), in particular, the coor-

dinates k 2 f1; :::; dg. Therefore, for k 2 f1; :::; dg, using Assumption G(i)
and the fact that n�1=2t̂n = op (1), we have

Op (1) = n1=2ĝk;n
�
�1; �2 + n

�1=2t̂n
�

= n1=2ĝk;n (�) +G
0
k;2 (�) t̂n +



t̂n

 op (1) ;
where G0k;2 (�) is the k-th row of the matrix G

0
2 (�). Since � 2 �0I , by Assump-

tions ID, ID2 and M(iii), we have n1=2ĝk;n (�) = Op (1) for all k 2 f1; :::; dg.
This and Assumption G(ii) imply that there exists a constant K > 0 such
that 0 �



t̂n

 � K with probability arbitrarily close to one.
Hence,

Mn

�
�1; �2 + t̂nn

�1=2� = inf
t2Jn

Mn

�
�1; �2 + tn

�1=2�+ op (1) ;
where Jn :=

�
t 2 Rq : ktk < K and �2 + n�1=2t 2 �2

	
.

From Assumptions ID2, M(iv) and G(i), and from the triangle inequality
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we have

sup
t2Jn



n1=2ĝn ��1; �2 + tn�1=2�� n1=2g0 (�)�G02 (�) t�	n (�)

 =
= sup

t2Jn



n1=2ĝn ��1; �2 + tn�1=2�� n1=2g0 ��1; �2 + tn�1=2�� n1=2g0 (�)�G02 (�) t�	n (�)


� sup

t2Rq :ktk<K



	n ��1; �2 + tn�1=2��	n (�)

+Ko (1) = op (1) ;
and from Assumptions M(i) and W we have

sup
t2Jn



Wn

�
�1; �2 + tn

�1=2��W 0 (�)


 = op (1) :

It follows that

sup
t2Jn

���Mn

�
�1; �2 + tn

�1=2�� 

I �	n (�) + n1=2g0 (�) +G02 (�) t�

2W 0(�)

��� = op (1) ;
which implies

inf
t2Jn

Mn

�
�1; �2 + tn

�1=2� = inf
t2Jn



I �	n (�) + n1=2g0 (�) +G02 (�) t�

2W 0(�)

w.p.a.1.
For any � 2 �0I , Assumption G(ii) implies that the function

I �	n (�) + n1=2g0 (�) +G02 (�) t�

2W 0(�)

is continuous and strictly convex in t 2 Rq for every �nite n 2 N and every
realization of 	n (�)+n1=2g0 (�). Hence, it achieves a unique minimum inside
J := ft 2 Rq : ktk < Kg. By Assumption M(i), for any n 2 N �nite but
su¢ ciently large we have J = Jn and therefore, by the CMT, we have

Mn

�
�1; �2 + t̂nn

�1=2� = inf
t2Jn



I �	n (�) + n1=2g0 (�) +G02 (�) t�

2W 0(�)
+ op (1)

= inf
t2J



I �	n (�) + n1=2g0 (�) +G02 (�) t�

2W 0(�)
+ op (1)!d inf

t2J
~M (�; t)

Since ~t is a tight random variable by Lemma 8, for a choice of K large
enough, we have inft2J ~M (�; t) = inft2Rq ~M (�; t) with probability arbitrarily
close to one and the result follows.
Part (b)
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Let F � Rq be a closed set. Using arguments similiar to the ones used in
Part (a), for every �1 2 �01I we have

inf
t2F\Jn

Mn

�
�1; �2 + n

�1=2t
�
�Mn

�
�1; �̂2n

�
!d inf

t2F\J
~M (�; t)� inf

t2Rq
~M (�; t)

and therefore

lim sup
n!1

P0
�
inf

t2F\Jn
Mn

�
�1; �2 + n

�1=2t
�
�Mn

�
�1; �̂2n

��
�

P0
�
inf

t2F\J
~M (�; t) � inf

t2Rq
~M (�; t)

�
;

by the PT.
By Assumption M(i), for any n 2 N �nite but su¢ ciently large we have

J � Jn. Hence,

lim sup
n!1

P0
�
t̂n 2 F \ J

	
� lim sup

n!1
P0
�
t̂n 2 F \ Jn

	
� lim sup

n!1
P0
�
inf

t2F\Jn
Mn

�
�1; �2 + n

�1=2t
�
�Mn

�
�1; �̂2n

��
� P0

�
inf

t2F\J
~M (�; t) � inf

t2Rq
~M (�; t)

�
� P0

�
~t 2 F \ J

	
;

where the last inequality follows by the strict convexity of ~M (�; t) with re-
spect to t.
For any closed set F � Rq we have

lim sup
n!1

P0
�
t̂n 2 F

	
� lim sup

n!1
P0
�
t̂n 2 F \ J

	
+lim sup

n!1
P0
�
t̂n 2 F \ J c

	
;

where J c denotes the complement of J . By the previous result, we have

lim sup
n!1

P0
�
t̂n 2 F \ J

	
� P0

�
~t 2 F \ J

	
and therefore

lim sup
n!1

P0
�
t̂n 2 F

	
� P0

�
~t 2 F

	
+ lim sup

n!1
P0
�
t̂n =2 J

	
.

Because t̂n = Op (1), lim supn!1 P0
�
t̂n 2 F \ J c

	
can be made arbitrarily

small by the choice of K . The result will then follow by the PT.
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Proof of Theorem 4. For any �xed � 2 �01I , de�ne C0 (�) � C as the set
of selection vectors that satisfy: ck = 0 for all k 2 fd+ 1; :::d+ sg such that
g0k (�) < 0. The set C

0 (�) depends on the measure P0 and on � 2 � through
g0 (�) and is generally unknown, but not random. We can also see that c0 (�)
uniquely maximizes jcj in C0 (�).
By assumption, � 2 int (�) and kuk < 1, and we have � + n�1=2un 2

� for n 2 N �nite but su¢ ciently large under Assumption M(i). Hence,
ĝn
�
� + n�1=2un

�
and Wn

�
� + n�1=2un

�
are well-de�ned for n 2 N �nite but

su¢ ciently large.
By Assumptions M(iv), G(i) ant M(ii), respectively, we have

ĝkn
�
� + n�1=2un

�
= ĝkn (�) + g

0
k

�
� + n�1=2un

�
� g0k (�) + op

�
n�1=2

�
(5)

= ĝkn (�) +G
0 (�)n�1=2un + op

�
n�1=2

�
= g0k (�) + op (1) :

By Assumption W, we have

Wn

�
� + n�1=2un

�
�W 0

�
� + n�1=2un

�

 � (6)

sup
�2�



Wn (�)�W 0 (�)


+ op (1) = op (1) :

For any �xed selection vector c 2 C, the function (c � I (�x))0A (c � I (�x))
is continuous on Rd+s�R(d+s)�(d+s). Hence, from (5), (6), and the CMT, we
have

c � I ��ĝn �� + n�1=2un��

2Wn(�+n�1=2un) =



c � I ��g0 (�)�

2
W 0(�)

+ op (1)

and therefore

n�1MMSC
�
� + n�1=2un; c

�
=

=


c � I ��ĝn �� + n�1=2un��

2Wn(�+n�1=2un) � n

�1h (jcj)�n

=


c � I ��g0 (�)�

2

W 0(�)
+ op (1) ;

by Assumption MMSC.
For any � 2 �0I , if c =2 C0 (�), c is such that ck = 1 for some k 2

fd+ 1; :::; d+ sg for which g0k (�) < 0, then, by Assumptions ID and W, we
have 

c � I ��g0 (�)�

2

W 0(�)
> 0
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and therefore MMSC
�
� + n�1=2hn; c

�
!p +1:

For any � 2 �0I , if c 2 C0 (�), we have

0 � n�


c � I ��ĝn �� + n�1=2un��

2Wn(�+n�1=2un)

=


c � I ��n1=2ĝkn (�) +Op (1)�

2Wn(�+n�1=2un) = Op (1) ;

where the �rst equality holds by Assumptions M(iv) and G(i) and the con-
vergence result holds by Assumption M(iii) and the CMT. In this case, for
any � 2 �0I and c 2 C0 (�) we have

n�1MMSC
�
� + n�1=2un; c

�
= Op

�
n�1
�
� h (jcj) o (1) = Op (1)

by Assumption MMSC.
By Assumption MMSC, if c1; c2 belong to C0 (�) and jc1j < jc2j we

have (h (c1)� h (c2))�n ! �1 and therefore MMSC(� + n�1=2un; c1) >
MMSC(� + n�1=2un; c2) w.p.a.1 for any � 2 �0I such that � 2 int (�).
Hence, for any � 2 �0I such that � 2 int (�), ĉn

�
� + n�1=2un

�
maximizes

jcj over c 2 C0 (�) w.p.a.1, which implies the result since c0 (�) uniquely
maximizes jcj in C0 (�) and C0 (�) is a �nite set.

Proof of Theorem 5. There always exists a sequence
��
��n; �
n

�
: n � 1

	
2

�� �, such that

lim inf
n!1

inf
P(�;
)2P:�2�
I

P(�;
) f� 2 CSng = lim inf
n!1

P(��n;�
n)
�
Mn

�
��n
�
� v�n

�
��n
�	
.

Also, there always exists a subsequence
��
��nk ; �
nk

�
: k � 1

	
of
��
��n; �
n

�
: n � 1

	
for which limk!1 P(

��nk ;�
nk)
�
��nk 2 CSnk

	
exists and

lim inf
n!1

inf
P(�;
)2P:�2�
I

P(�;
) f� 2 CSng = lim
k!1

P(��nk ;�
nk)
�
��nk 2 CSnk

	
= lim

k!1
P(��nk ;�
nk)

�
Mn

�
��nk
�
� v�n

�
��nk
�	
.

To each point
�
��nk ; �
nk

�
2 � � G in

��
��nk ; �
nk

�
: k � 1

	
correponds a

point
�
��nk ; n

1=2
k �
1;nk ; �
2;nk ; �
3;nk

�
2 ��� because �1 is a cone. Hence, there

exists a subsequence
n�
��nj ;h; �
nj ;h

�
: j � 1

o
of
��
��nk ; �
nk

�
: k � 1

	
for which�

��nj ;h; n
1=2
j �
1;nj ;h; �
2;nj ;h; �
3;nj ;h

�
!
�
�h; h1; h2; h3

�
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for
�
�h; h1; h2; h3

�
2 cl (�)�

�
Rs� [ f�1g

s	� cl (�2)� cl (�3) as j !1:
The result then follows by Lemma 7.

Lemma 6 Take any arbitrary sequence
n
P(�n;h;
n;h) 2 P : n � 1

o
for which�

�n;h; n
1=2
1;n;h; 
2;n;h; 
3;n;h

�
!
�
�h; h1; h2; h3

�
for

�
�h; h1; h2; h3

�
2 cl (�) �

�
Rs� [ f�1g

s	 � cl (�2) � cl (�3), satisfy-
ing (2), (3) and (4). De�ne ch 2 C to be the selection vector for which
chd+k := 1 fjh1;kj <1g for all k 2 f1; :::; sg, where h1;k is the k-th coordinate
of the vector h1. For this arbitrary sequence

n
P(�n;h;
n;h) 2 P : j � 1

o
we

have ĉn (�n;h)!
(�n;h;
n;h)
p ch under Assumption MMSC.

Proof. For any �xed selection vector c 2 C, the function (c � I (�x))0A (c � I (�x))
is continuous on Rd+s � R(d+s)�(d+s). Hence, from (2), (3) and (4) and the
CMT we have

n�



c � I ��ĝn (�n;h)� �00; 
01;n;h�0�


2

Wn(�n;h)
 (�n;h;
n;h)



c � I �N �0;�h
�
� (00; h1)0

�

2
Wh .

De�ne Ch � C to be the set of selection vectors that satisfy: cd+k = 0 for
all k 2 f1; :::sg such that h1;k = �1.
If c =2 Ch, then cd+k = 1 for some k 2 f1; :::; sg for which h1;k = �1. In

this case, by Assumption MMSC, we have MMSC (�n;h; c)!
(�n;h;
n;h)
p +1:

If c 2 Ch, for any " > 0 there exists some constant K" > 0 such that

lim
n!1

P(�n;h;
n;h) fMMSC (�n;h; c) < K"g < ";

under Assumption MMSC.
By Assumption MMSC, if c1; c2 belong to Ch and jc1j < jc2j we have

(h (c1)� h (c2))�n ! �1. Therefore,

lim
n!1

P(�n;h;
n;h) fMMSC(�; c1) > MMSC(�; c2)g � 1� ":

Hence, ĉn (�n;h) is such that

lim
n!1

P(�n;h;
n;h) fjcj � jĉn (�n;h)jg � 1� ":
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for all c 2 Ch. Note that the selection vector ch uniquely maximizes jcj in
Ch. Therefore, ĉn (�n;h)!

(�n;h;
n;h)
p ch.

Lemma 7 Take any arbitrary sequence
n
P(�n;h;
n;h) 2 P : n � 1

o
for which�

�n;h; n
1=2
1;n;h; 
2;n;h; 
3;n;h

�
!
�
�h; h1; h2; h3

�
for

�
�h; h1; h2; h3

�
2 cl (�) �

�
Rs� [ f�1g

s	 � cl (�2) � cl (�3), satisfying
(2), (3) and (4). De�ne ch 2 C to be the selection vector for which chd+k :=
1 fjh1;kj <1g for all k 2 f1; :::; sg, where h1;k is the k-th coordinate of the
vector h1. Also, let ��n (�n;h) be the (1� �)-quantile of the distribution of


ĉn (�n;h) � I ��n (�n;h)

1=2 Z�
�


2

Wn(�n;h)

with ĉn (�n;h) as in Lemma 6. For this arbitrary sequence
n
P(�n;h;
n;h) 2 P : j � 1

o
we have:
(a) ��n (�n;h) !

(�n;h;
n;h)
p ��;h1 , where ��;h1 is the (1� �)-quantile of the

random variable



ch � I ���h

�1=2
Z�
�


2

Wh
.

(b)

lim inf
n!1

P(�n;h;
n;h) fMn (�n;h) � ��n (�n;h)g � 1� �.

Proof. (a)
From (2), (3) and (4), Lemma 6 and the CMT we have


ĉn (�n;h) � I ��n (�n;h)

1=2 Z�
�


2

Wn(�n;h)
!(�n;h;
n;h)p




ch � I ���h
�1=2

Z�
�


2

Wh
.

The distribution of



ch � I ���h

�1=2
Z�
�


2

Wh
is continuous at all points in

Rq. Hence, ��n (�n;h) !
(�n;h;
n;h)
p ��;h1 , where ��;h1 is the (1� �)-quantile of

the distribution



ch � I ���h

�1=2
Z�
�


2

Wh
by the CMT.

(b)
Assumptions (2), (3) and (4) and the CMT give us

Mn (�n;h) (�n;h;
n;h)



I ���h

�1=2
Z� + h1

�


2
Wh
:
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From part (a) we have ��n (�n;h) !
(�n;h;
n;h)
p ��;h1 . Since the convergence of

Mn (�n;h) and ��n (�n;h) is joint, we have:

Mn (�n;h)� ��n (�n;h) (�n;h;
n;h)



I ���h

�1=2
Z� + h1

�


2
Wh
� ��;h1 . (7)

Denote the distribution function of



I ���h

�1=2
Z� + h1

�


2
Wh

by Jh (�).
For any h1, we have


I ���h

�1=2
Z� + h1

�


2
Wh
�



ch � I ���h

�1=2
Z�
�


2

Wh

with probability one. The distribution Jh (�) is then stochastically domi-
nated by the distribution function of




ch � I ���h
�1=2

Z�
�


2

Wh
and therefore

Jh
�
��;h1

�
� 1� �.

Hence,

lim inf
n!1

P(�n;h;
n;h) f�n;h 2 CSng = lim inf
n!1

P(�n;h;
n;h) fMn (�n;h)� ��n (�n;h) � 0g

� Jh
�
��;h1

�
� 1� �,

where the �rst inequality follows from (7) and the PT. The last inequality fol-
lows from the fact that Jh (�) is stochastically dominated by the distribution
function of




ch � I ���h
�1=2

Z�
�


2

Wh
.

Lemma 8 For any " > 0 there exists some constant K" > 0 for which

P0
�

~t

 < K"

	
< ":

Proof. For notational simplicity, for any �xed �1 2 �01I , denote �2 (�1) by
�2 and the pair (�1; �2 (�1)) simply by �.
Because the function ~M (�1; t) is strictly convex in t 2 Rq, the random

variable ~t := Arg inft2Rq kc0 (�) � I (	 (�) +G2 (�) t)k2W 0(�) is de�ned uniquely
for every realization of 	(�). For every realization of ~t, the last s coordinates
of the vector c0 (�) � I

�
	(�) +G2 (�) ~t

�
belong to one and only one of the

orthants of Rs. Denote this orthant of Rs by �
�
~t
�
. Because of the strict

convexity of the function ~M (�; t) in t, for every realization of 	(�), we have
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~M
�
�; ~t
�
equal to the in�mum of ~M

�
�; ~t
�
for t 2 Rq subject to the last s

coordinates of the vector c0 (�) � I
�
	(�) +G2 (�) ~t

�
belonging to �

�
~t
�
.14

Denote by x�(~t) and A�(~t) the remaining vector and matrix after deleting
all the coordinates of the vector x and the matrix A for which the last s
coordinates of the vector c0 (�) � I

�
	(�) +G2 (�) ~t

�
are equal to zero. In this

case, by applying standard projection arguments, we may write

~t = �P �(
~t)

G W 0;�(~t) (�)�1=2	�(
~t) (�)

where P
�(~t)
G :=

�
G
�(~t)
2 (�)0W 0;�(~t) (�)�1G

�(~t)
2 (�)

��1
G
�(~t)
2 (�)0W 0;�(~t) (�)�1=2.

Hence, for some constant 0 < K <1 we have

P0
�

~t

 < K	 =

X
�

P0
�

~t

 < Kj� �~t� = �	P0 �� �~t� = �	

� max
�
P0
�

~t

 < Kj� �~t� = �	

= max
�
P0
n


�P �GW 0;� (�)�1=2	� (�)




 < Ko .
For any � the random variable P �GW

0;� (�)�1=2	� (�) is tight. Hence,

max
�
P0
n


�P �GW 0;� (�)�1=2	� (�)




 < Ko
can be made arbitrarily small by the choice of K. The result then follows.
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