ABSTRACT
Simple outcomes and Pareto optimal simple outcomes always exist. Core outcomes are simple and Pareto optimal, but not all Pareto optimal outcomes are in the core or are Pareto optimal simple. Outcomes out of the core may be Pareto optimal and simple outcomes out of the core may be Pareto optimal simple. However, we proved that if the core is non-empty then the set of core outcomes that are Pareto-optimal is precisely the set of Pareto optimal simple outcomes. 

. 

INTRODUCTION

The core is the set of feasible outcomes that cannot be blocked by any coalition. It is well-known that the core is a subset of the set of Pareto-optimal outcomes.  These outcomes are the feasible outcomes that only sub-coalitions can block. The Pareto-optimal outcomes that are in the core are called here Pareto-stable outcomes. It was proved in Sotomayor (2007) that for the discrete one-to-one matching models the set of Pareto-stable outcomes may be smaller than the core and that Pareto-stability can be viewed as a natural solution concept for these games. 
The aim of this paper is to characterize the Pareto-stable outcomes for a coalitional game with transferable payoff and non-empty core. We prove that these outcomes are precisely the Pareto-optimal simple outcomes when the core is non-empty. The idea of a simple outcome is the following. For a coalitional game with transferable payoff,  (N,v),  every simple outcome is feasible and individually rational, and every blocking coalition, if any, has some sub-blocking coalition formed with non-trading agents (agents whose payoffs are their reservation payoffs). There are other properties of a simple outcome which are required (see the formal definition in the text). The set of simple outcomes is non-empty and a core outcome is simple. A Pareto-optimal simple outcome is a simple outcome that is Pareto optimal among all simple outcomes. Pareto-optimal simple outcomes need not be in the core and need not be Pareto-optimal. However, when the core is non-empty they are Pareto-optimal and are exactly the core outcomes. 

In economic practical terms the characterization of Pareto-stable outcomes in terms of Pareto simple outcomes provides an economic intuition of how non-trading agents can do blocking when the core is non-empty. 

On the conceptual point of view, we can argue that, in a decentralized setting where the core is nonempty and players are permitted to freely communicate, to make binding agreements and preferences over outcomes, as well as the rules of the game are common knowledge, the history underlying a core outcome could give us some light to better understand the coalition formation. The characterization result proved here suggests the following approach. We postulate that the agreements are made sequentially, in several stages. At each stage, if it is possible for some group (blocking coalition) of current non-trading agents to engage in cooperation that is optimal for them, then an outcome results. 

Thus the trading agents' payoffs obtained at a given stage are maintained in the subsequent stages. In this sense, the outcome produced at a given stage is a Pareto superior of the resulting outcomes from the previous stages. On the other hand, the payoff vectors that we observe at any stage have a special property. They are simple outcomes.
From the exposed above, it is then intuitive that the sequence of interactions among the non-trading agents ends when no interaction can benefit all players involved or when increase in payoffs is only available through non-optimal cooperation (in the selfish sense) of some agents. The final simple outcome will be Pareto-optimal among all simple outcomes. In the first case, the Pareto-optimal simple outcome is in the core. In the other case the core is empty.

An example with three players, such that the payoff of any coalition with at least two players is  1,  and the reservation payoff of any player is zero,  illustrates a game that has an empty core. In this example the outcome where every one gets zero is the only simple outcome of the game. Thus, if some players decide to interact in order to get a higher payoff, the resulting outcome will not be simple, so the interaction will not be optimal to at least one of the players. 

Of course, a simple outcome out of the core is blocked by at least one pair of non-trading agents. If the core is non-empty, this blocking can be done in such a way that the payoffs from the trades done do not change if players reach the core. Moreover, as it is proved here, the total sum of these payoffs is the same at any core outcome.

2. DESCRIPTION OF THE GAME AND CONCEPTUAL FRAMEWORK


There is a finite set of players  N,  with  |N|=n  players. Associated with any subset (coalition)  S  of  N  there is a real number  v(S), the worth of the coalition  S. Formally,

Definition 1. A coalitional game with transferable payoff consists of (i) a finite set  N  of players; (ii) a function  v  that associates with every non-empty subset  S  of  N  a real number  v(S). It is assumed that v(Ф)=0 and that (i=1,…,nv({i})≤v(N).
An outcome for this game  is a vector  x(R|N|  called payoff vector. The intuitive meaning is that the  i-th player "receives"  xi.  We let  x(S)=( i(S xi  denote the total payoff of coalition  S. The payoff vector  x  is feasible if  x(N)(v(N). It is individually rational if  x(i)(v(i)  for all  i(N. Since we are assuming that (i=1,…,nv({i})≤v(N) we have that  the set of payoff vectors that are feasible and individually rational is non-empty.
Definition 2. The payoff vector  x  is in the core of  (N,v)  if  x  is feasible and  x(S)(v(S)  for all  S(N.

If  x(s)<v(S),  for some  S,  we say that  S  blocks  x. A definition that is obviously equivalent is: The feasible outcome  x is in the core of  (N,v),  if there is no coalition  S  and feasible outcome  y,  for which  yi>xi  for all  i(S  and  y(S)(v(S).  This is to say that  x  is in the core if it is not blocked by a coalition S  via a feasible outcome  y. 

Given a feasible payoff vector  x  let  S(x)  be the maximal coalition ( in the sense of inclusion) such that every  i  in  S(x)  is part of some blocking coalition of  x  and  xi=v(i). Of course,  S(x)  may be empty. Define  T(x)  as being the maximal coalition ( in the sense of inclusion) such that  (i) xi>v(i)  for every  i(T(x); (ii) no subset of  T(x) can block  x. Then, if  i(T(x)  then   i  is part of some blocking coalition of  x; (iii)  if  S  blocks  x  via  y  and  S(T(x)((  then  S-T(x)  blocks  x  via  y',  where  y'i(yi  for all  i(S-T(x).  The idea is that the agents in  S-T(x)  can do better trades among them rather than with the agents of  T(x). Of course,  T(x)  may be empty. 
Definition 3. The payoff vector  x  is simple if  (i) it is feasible, (ii) individually rational,  (iii)  T(x)(N-S(x). (iv) (i(T(x) xi = v(T(x));   

Clearly, any core payoff vector is simple. In this case  T(x)=N. 
The set of simple payoff vectors is non-empty, since the payoff vector  x where every player  i  receives  v(i)  is simple:  x  is feasible, individually rational and if (i(N v(i)<v(N) then  S(x)=N .  Since  T(x)=(,  conditions  (iii)  and  (iv) of Definition 3 are verified. If  (i(N v(i)=v(N) then  x  is in the core. Thus, in any case  x  is simple.
It follows from our definitions that if  x  is simple and (i(N xi <v(N) then the grand coalition  N  blocks  x,  so every agent  i  such that  xi=v(i)  must be in  S(x)  due to the maximality of  S(x). Furthermore  S(x)  blocks  x  by the definition of  T(x).
Definition 4. The simple payoff vector  x*  extends  the simple payoff vector  x  if  x*i( xi  for all  i(N  with strict inequality for at least one  i(N.

 Definition 5. The payoff vector  x  is  Pareto optimal simple (PS for short) if it is simple and there is no simple payoff vector that extends  x.

3. RESULTS

The following example shows that a Pareto optimal simple outcome is simple but need not be Pareto optimal. 
Example 1. Consider  N={1,2,3},  v(i)=0  for all  i=1,2,3  and  v(S)=1  for all  S(N  such that  |S|(2.  Given any payoff vector  x,  there will exist two players  i  and  j  such  xi + xj<1=v(i,j).  Hence  x  is not in the core. The only simple outcome is  (v(1),v(2),v(3))=(0,0,0). Is easy to see that this outcome is Pareto optimal simple but it is not Pareto optimal.( 

Simple outcomes that are Pareto optimal not always exist, but Pareto optimal simple outcomes do so. Their existence is guaranteed by Proposition 1 below.
Proposition 1. The set of simple payoff vectors is a compact set of  R|N|.

Proof. The set of payoff vectors x  such that  (i=1,…,nxi ≤v(N),   xi≥v(i)  for all  i=1,…,n  and  (i=1,…,nv({i})≤v(N) is clearly non-empty and bounded. Thus feasibility and individual rationality of the simple outcomes  imply that the set of such outcomes is bounded. To see that this set is closed, take any sequence  (xt)t  of simple payoff vectors,  with  xt(x,  as  t  tends to infinity. Since the set of players is finite, there is some set  T  and some set  S  such that  T=T(xt)  and  S=S(xt)   for infinitely many  t's.  We will use the same notation  (xt)t  for this subsequence. Then,  limt(( xt(T)= x(T)=v(T).  Also,  if  i(S  then  xi=limt(( xti=limt(( v(i)=v(i). If  i(T then  xi>v(i)  due to the fact that  xti>v(i)  for all  xt  in the subsequence. Since  (T´xti ≥v(T´)  for every  T´ contained in  T  and for every  term  xt  in the subsequence we get that  T  does not contain any sub-coalition that blocks  x.  Also if  A  blocks  x  then  A  also blocks  xt  for every  t, and so on. Then  T=T(x)  and  S=S(x).   It is also easy to see that  x  is feasible and individually rational. Therefore, x  is simple. Hence, the set of simple payoff vectors is closed and bounded, so it is compact. (

A Pareto optimal outcome need not be in the core, so it is not clear that a simple outcome that is Pareto optimal must be in the core when this set is non-empty. Theorem 1 shows that every Pareto optimal simple outcome is in the core, consequently every Pareto optimal outcome is in the core. For its poof we need Proposition 2 below. This proposition implies that, if  x  is a simple payoff vector that is not in the core then it is weakly dominated by some payoff vector  z  that is still simple.
Proposition 2.  Let  x  be a simple payoff vector that is not in the core. If the core is non-empty then there exists a core allocation  z  that extends  x.

Proof. 
Suppose the core is non-empty. Take  y  in the core.   Now construct  z  such that  zi=xi  for all  i(T(x)  and  zi=yi  for all  i(S(x).  Set  T(T(x)  and  S(S(x).  We claim that  z  is in the core. In fact, if there is some coalition  S'  which blocks  z  via a feasible outcome  w,  then  S'  cannot be contained in  T,  for if so  S'  would block  x, contradicting the definition of  T.  Also, S'  cannot be contained in  S,  for if so  S'  would block  y, which contradicts the assumption that  y  is in the core. Then, S'=R(R',  with  R(T  and  R'(S. But then,  wi>zi=xi  for all  i(R wi>zi=yi(v(i)=xi  for all  i(R',  so  S'  blocks  x  via  w.  But  R((  and  R(T(x).  By definition of  T(x)  we must have that  R'  blocks  x  via  some  w',  with  w'i(wi  for all  i(R',  so  (i(R' w'i ( v(R').  But  w'i>yi  for all  i(R',  so  R'  blocks  y  via  w',  contradiction. Then  z  is not blocked by any coalition. The feasibility of  z  follows from the fact that  v(N)((i(N zi=(i(T xi + (i(S yi=v(T) +(i(S yi ( (i(T yi+(i(S yi=(i(N yi=v(N),  where in the first inequality we used that  N  does not block  z (recall that we just proved that  z  does not have a blocking coalition), in the second equality we used that  x  is simple, so  x(T)=v(T),  and in the last inequality we used that  y  is in the core.  Then, v(N)=(i(N zi .  Hence  z  is in the core.


Now, we are going to show that  z  extends  x. By construction of  z  we have that  zi(xi  for all  i(N.  On the other hand, since  x  is not in the core,  x  must be different from  z.  This means that there is some  i(N  such that  zi>xi.  Hence  z  extends  x,  and the proof is complete.(

Our main result is Theorem 1 below: If the core is non-empty, then every PS is in the core.
Theorem 1. Suppose the core of the coalitional game  (N,v)  is non-empty. Then, the set of Pareto-stable allocations equals the set of Pareto-optimal simple allocations.

Proof. Suppose the core is non-empty. Clearly, if a core allocation is Pareto-optimal then it is simple and Pareto optimal among all simple allocations, so it is Pareto-optimal simple. In the other direction, by Proposition 1, if an allocation  x  is Pareto-optimal simple then it is in the core, for otherwise it has a simple extension, which is a contradiction.(
In Example 1 above,  x=(0,...,0)  is simple and  is not in the core. However it is the only simple outcome, so it does not have a simple extension and so it is Pareto-optimal simple and is not Pareto-stable. Theorem 1 then implies that the core is empty. 

Proposition 2 reinforces the idea of "stability" of the set of trades done under a simple outcome  x,  which is reflected by the conclusion of Theorem 1:  Not only there is a core outcome that keeps all trades done under  x,  but also the sum of the payoffs of the trading agents is the same under every core outcome.

Proposition 2. Let  x  be a simple payoff vector and let  y  be in the core. Then,  x(T(x))=y(T(x)).

Proof. If  x  is in the core then  T(x)=N  and we are done. Then suppose  x  is not in the core. Define the payoff vector  z  as in the proof of Theorem 1. Then,  v(N)=(i(N zi = (i(T(x) xi +(i(S(x) yi = v(T(x)) +(i(S(x) yi ( (i(T(x) yi + (i(S(x) yi =(i(N yi = v(N),  so  v(T)=(i(T(x) yi.  Hence, (i(T(x) xi =(i(T(x) yi ,  and the proof is complete.(
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